Clique-complete Graphs
We present in this paper a proof of a revised version of a conjecture due to the second-named author, rst presented in her Ph. D. thesis 1], written under the supervision of the third-named author.
Theorem 1 A clique-complete graph free of universal vertices contains an induced subgraph isomorphic to Q 2n+1 , for some positive integer n.
A graph G here is a simple graph, that is, a graph without loops and multiple edges. We denote by V G the vertex set of G. A clique K in a graph G is a set of vertices pairwise adjacent in G; clique K is maximal if no proper superset of K is a clique, and maximum if no larger set of vertices is a clique.
For each vertex v of graph G, we denote by N(v) the neighborhood of v, that is, the set consisting of v plus each vertex to which v is adjacent. Vertex v is universal in G if it is adjacent to each vertex of V G ?v, that is, if N(v) = V G. We extend the domain of N to subsets X of V G by making N(X) := v2X N(v).
Graph G is clique-complete if every two of its maximal cliques have nonnull intersection. Every nonnull complete graph is clique-complete. In fact, every graph containing a universal vertex is clique-complete. A more interesting example is shown in Figure 1 .
For X a set of vertices of G, we denote by G X] the subgraph of G induced by X, that is, the vertex set of G X] is X and the edge set of G X] consists of those edges of G having both ends in X.
We now de ne graph Q n , for each integer n 3. A circuit C n is a connected graph with n 3 vertices, each of which has degree 2: V Q n := fu 1 ; u 2 ; ; u n g fv 1 ; v 2 ; ; v n g is a set of 2n vertices. Q n fv 1 ; ; v n g] ' C n . For each i, (1 Proposition 3 Graph Q n is free of universal vertices and also free of induced subgraphs isomorphic to Q p , for every integer p such that 3 p 6 = n. Proof. Graph Q n is free of isolated vertices, whence Q n is free of universal vertices. For each integer k 3, Q k contains precisely one circuit, which consists of k vertices. We conclude that if 3 p 6 = n then no subgraph of Q n is isomorphic to Q p . 2 2 Theorem 4 Every graph G free of universal vertices, clique-complete and critical, is isomorphic to Q 2n+1 , for some positive integer n.
Proof. We derive rst some properties of G.
Proposition 5 The complement G of G is connected.
Proof. Assume the contrary. Let X be the vertex set of a connected component of G. Thus, in G, V G n X N(v) (8v 2 X): We may thus assume that at least one of A and B, say, A, is null. By Proposition 5, G is connected. It follows that G consists of at most one vertex. Since G is clique-complete, it consists of precisely one vertex, a universal vertex.
In both cases, a contradiction is obtained, which proves that G is not bipartite. Proposition 7 Graph G contains a quasi-universal vertex.
Proof. Let u be a vertex of maximum degree in G. Since G is free of universal vertices, V G n N(u) is nonnull, let v be one of its vertices, let H := G N(u) + We are now in position to show that G ' Q 2n+1 , for some positive integer n. By Propositions 8 and 9, u : RG ! V G n RG. Clearly, u is injective. We now show that u is surjective, that is, fRG; u(RG)g is a partition of V G. For this, let S := RG u(RG).
By Proposition 8, each vertex of u(RG) is adjacent to each vertex of V G n RG. On the other hand, by Proposition 10, each vertex of RG is adjacent to each vertex of V G n S. We conclude that each vertex of S is adjacent to each vertex of V G n S.
By Proposition 5, G is connected, whence one of S and V G n S is null. By Proposition 7, G contains a quasi-universal vertex, whence its antipodal vertex lies in RG. We conclude that V G = S and u is bijective.
By Proposition 6, G is not bipartite. Since each vertex of u(RG) has degree one in G, it follows that G RG] is not bipartite.
Let X be a minimal subset of RG such that G X] is not bipartite. Clearly, G X] is a circuit, say, C 2n+1 . Consequently, G X u(X)] ' Q 2n+1 .
By Propositions 2 and 3, Q 2n+1 is clique-complete and free of universal vertices. Since G is critical, we conclude that G ' Q 2n+1 .
The proof of Theorem 4 completes the proof of Theorem 1.
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From Theorems 1 and 4 we deduce that family Q := fQ 2n+1 : n 1g is the family of minimal clique-complete graphs free of universal vertices.
Corollary 11 A graph free of universal vertices is clique-complete and critical if and only if it is isomorphic to Q 2n+1 , for some positive integer n.
Proof. Theorem 4 asserts that every clique-complete critical graph free of universal vertices is isomorphic to Q 2n+1 , for some positive integer n. To prove the converse, let n be a positive integer, let H be a cliquecomplete induced proper subgraph of Q 2n+1 . By Theorem 1, either H contains a universal vertex or it contains an induced subgraph isomorphic to Q 2p+1 , for some positive integer p. In the latter case, Q 2n+1 would contain a proper induced subgraph isomorphic to Q 2p+1 , in contradiction to Proposition 3. Therefore, H contains a universal vertex. Since this conclusion holds for every clique-complete proper induced subgraph of Q 2n+1 , this graph is critical. 2
We conclude this section by giving a nite family of graphs that occur as induced subgraphs of each clique-complete graph. This family consists Every perfect graph is free of induced circuits C 2n+1 and their complements, for any integer n 2. Thus, for each n 2, Q 2n+1 is not perfect. On the other hand, Q 3 is perfect.
Corollary 13 Every clique-complete perfect graph free of universal vertices contains Q 3 as induced subgraph.
2
We observe that graph Q 3 is neither a comparability nor a co-com- Finally, it follows that every clique-complete graph free of universal vertices and not containing Q 3 as an induced subgraphs necessarily contains the complete graph K 2n+1 for n 2.
Corollary 16 Every clique-complete planar graph free of universal vertices contains Q 3 as an induced subgraph.
